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Quantum state exchange is a quantum communication task for two users in which the users exchange their
respective quantum information in the asymptotic scenario. In this work, we generalize the quantum state
exchange task to a quantum communication task for M users in which the users rotate their respective quantum
information. We assume that every two users may share entanglement resources, and they use local operations
and classical communication in order to perform the task. We call this generalized task the quantum state
rotation. First of all, we formally define the quantum state rotation task and its optimal entanglement cost,
which means the least amount of total entanglement resources required to carry out the task. We then present
lower and upper bounds on the optimal entanglement cost, and provide conditions for zero optimal entanglement
costs. Based on these results, we find out a difference between the quantum state rotation task and the quantum
state exchange task.
PACS numbers: 03.67.Hk, 89.70.Cf, 03.67.Mn
I. INTRODUCTION
In quantum information theory, some quantum communica-
tion tasks [1–8], such as quantum teleportation [1] and quan-
tum state merging [2, 3], commonly deal with a situation in
which quantum information is transmitted from one user to
another. Quantum state exchange [9–11], on the other hand,
is a more complex quantum communication task in which
two users exchange their respective quantum information with
each other by means of entanglement-assisted local operations
and classical communication (LOCC).
In this work, we introduce and analyze a new quantum com-
munication task involving three or more users, which is called
quantum state rotation. Consider M users and a referee shar-
ing a multi-partite initial state |ψ〉A1A2···AMR, where the i-th user
holds the part Ai, and the referee holds the reference part R
as described in Fig. 1(a). The task aims to rotate their re-
spective part Ai from the i-th user to the (i + 1)-th user via
entanglement-assisted LOCC, while the referee does nothing
during the task, as depicted in Fig. 1(b). We analyze the min-
imal total amount of entanglement resources shared between
every two users for achieving the quantum state rotation task.
When M = 2, the quantum state rotation task becomes the
quantum state exchange task. Thus the quantum state rotation
task can be considered as a generalization of the quantum state
exchange task.
However, as we will show in this paper, the quantum state
rotation for three or more users may exhibit intrinsic prop-
erties of multi-partite entanglement, which cannot be under-
stood only by a straightforward generalization of the analysis
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(a)
(b)
FIG. 1: Illustrations for the initial and final states of the quantum
state rotation task: (a) The initial state |ψ〉A1A2 ···AM R is shared by M
user and a referee. (b) The i-th user’s quantum state on the system Ai
is rotated to the system A′i+1 of the the (i+1)-th user by entanglement-
assisted LOCC, while the referee does nothing.
of the quantum state exchange for two users. Intuitively, the
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2quantum state rotation for three or more users may be achiev-
able by sequentially performing the quantum state exchange
for two users. For example, the quantum state rotation for
three users can be performed by firstly exchanging the part A1
of the first user and the part A3 of the third user and then by
exchanging the part A1 of the third user and the part A2 of the
second user. So one may think it is not necessary to conduct
a study on the quantum state rotation task. However, we show
that there can be a more efficient strategy than the combination
of the quantum state exchange tasks. In addition, there can be
a property of the least amount of entanglement for the quan-
tum state rotation that the least amount of entanglement for the
quantum state exchange cannot have. Furthermore, the quan-
tum state rotation task can serve as one of the fundamental
sub-routines in distributed quantum computing [12, 13] and
quantum networks [14, 15], since they usually involve more
than two users. After all, permuting multi-partite quantum
states can be performed by combining quantum state rotation
tasks among some users. On this account, it can be interesting
to study the quantum state rotation.
This paper is organized as follows. In Sec. II, we pro-
vide formal descriptions of the quantum state rotation task,
the achievable total entanglement rate, and the optimal entan-
glement cost. In Sec. III and Sec. IV, we derive lower and
upper bounds, respectively, on the optimal entanglement cost
for the quantum state rotation task. In Sec. V, we present con-
ditions obtained by zero optimal entanglement costs and zero
achievable total entanglement rates. Based on these results,
we find a property of the quantum state exchange task, which
does not hold in the quantum state rotation task in Sec. VI. In
Sec. VII, we consider two situations of the quantum state ro-
tation tasks and investigate what the users should do to reduce
the optimal entanglement cost in each situation. In the first
situation, some users do not have to participate in the task.
In the second, some users can cooperate to achieve the task
by performing non-local (global) operations. In Sec. VIII, we
summarize and discuss our results.
II. DEFINITIONS
In this section, we explain notations used throughout this
paper, and we describe formal definitions of the quantum state
rotation task, the achievable total entanglement rate, and the
optimal entanglement cost.
We assume that all Hilbert spacesH in this paper are finite-
dimensional, and let dX denote the dimension of the Hilbert
space HX representing a quantum system X. A composite
quantum system of two quantum systems X and Y is described
by the tensor product HX ⊗ HY of the Hilbert spaces HX and
HY . For the sake of convenience, the composite quantum sys-
tem is denoted by X⊗Y or XY , and dX is called the dimension
of the quantum system X.
Before introducing the quantum state rotation task, we fix
notations for representing users in the quantum state rotation.
The number of users in the quantum state rotation is denoted
by a natural number M ≥ 2. If the i-th user has a quantum
system Xi for each i in the set [M] = {1, 2, . . . ,M}, then the
addition of two indices for the quantum systems is defined as
follows: For any j ∈ [M] and k ∈ {−1, 1}, the system X j+k is
considered as the system Xi such that i ∈ [M] and j + k ≡ i
(mod M).
We are now ready to describe the quantum state rotation
task. Consider M users and a referee. Assume that the referee
has the reference system R and the i-th user has 2M-partite
quantum systems
Ai ⊗ A′i ⊗
 ⊗
j∈[M]\{i}
Bi, j
 ⊗  ⊗
j∈[M]\{i}
Ci, j
 ,
where dA′i = dAi−1 . Note that there does not exist a quantum
system Bi,i (Ci,i) for each i. Throughout this paper, for each
i ∈ [M], quantum systems Bi and Ci are defined by
Bi =
⊗
j∈[M]\{i}
Bi, j and Ci =
⊗
j∈[M]\{i}
Ci, j.
We also define quantum systems A, A′, B, and C as
A = A1A2 · · · AM , A′ = A′1A′2 · · · A′M ,
B = B1B2 · · · BM , C = C1C2 · · ·CM .
Let |ψ〉AR be the initial state of the quantum state rotation
task. Then the final state ψ f of the quantum state rotation task
on the system A′R is defined as
ψ f =
( M⊗
i=1
1Ai→A′i+1 ⊗ 1R
)
(ψ),
where ψ = |ψ〉 〈ψ|, 1R is the identity map on R, and 1Ai→A′i+1
for each i is the identity map from Ai to A′i+1.
We also assume that every two of the users of the quantum
state rotation task may share a bipartite maximally entangled
state as an entanglement resource. The shape of entanglement
resources for the task corresponds to a complete graph, if we
regard users and bipartite entanglement resources among them
as vertices and edges of a graph, respectively. We call such a
resource allocation of entangled states the complete entangle-
ment allocation. The systems Bi and Ci are used for the com-
plete entanglement allocation. The quantum states Ψ˜ and Φ˜
on the systems B and C represent two complete entanglement
allocations among the M users before and after the quantum
state rotation task, respectively, and they are defined as
Ψ˜ =
⊗
i, j∈[M],i< j
ΨBi, jB j,i and Φ˜ =
⊗
i, j∈[M],i< j
ΦCi, jC j,i , (1)
where ΨBi, jB j,i and ΦCi, jC j,i are pure maximally entangled states
shared by the i-th and j-th users with Schmidt rank Ki j(R) and
Li j(R), respectively. Note that K ji(R) = Ki j(R) and L ji(R) =
Li j(R) hold for each i, j with i , j.
Then a completely positive and trace-preserving map
R :
M⊗
i=1
AiBi −→
M⊗
i=1
A′iCi (2)
is called the quantum state rotation protocol of ψ with error ε,
if it is performed by LOCC among the users and satisfies∥∥∥∥(R ⊗ 1R) (ψ ⊗ Ψ˜) − ψ f ⊗ Φ˜∥∥∥∥
1
≤ ε,
3where ‖ · ‖1 is the trace norm [16]. If a protocol R in Eq. (2)
satisfies that
(R ⊗ 1R)(ψ ⊗ Ψ˜) = ψ f ⊗ Φ˜,
i.e., ε = 0, then R is said to be exact. The case regarding
only exact quantum state rotation protocols is called an ex-
act scenario. We define the segment entanglement difference
di j(ψ,R) for the quantum state rotation protocol R of ψ be-
tween the i-th and j-th users as
di j(ψ,R) = log Ki j (R) − log Li j (R) , (3)
where logarithms are taken to base two throughout this paper.
To investigate asymptotic limits for the amounts of entan-
glement resources, we consider a sequence {Rn}n∈N of quan-
tum state rotation protocols Rn of |ψ〉⊗n with error εn, where
the state |ψ〉⊗n indicates the n copies of the initial state |ψ〉. We
call the case dealing with sequences of quantum state rotation
protocols an asymptotic scenario.
For the initial state ψ and the sequence {Rn}, we define the
segment entanglement rate ei j(ψ, {Rn}) between the i-th and
j-th users as
ei j(ψ, {Rn}) = lim
n→∞
di j(ψ⊗n,Rn)
n
, (4)
where the segment entanglement difference di j is defined in
Eq. (3). Note that e ji(ψ, {Rn}) = ei j(ψ, {Rn}) holds for each i, j
with i , j. If the segment entanglement rate ei j(ψ, {Rn}) con-
verges for each i, j, then we can define the total entanglement
rate etot(ψ, {Rn}) as
etot(ψ, {Rn}) = 12
∑
i, j∈[M],i, j
ei j(ψ, {Rn}).
A real number r is said to be an achievable total entanglement
rate, if there is a sequence {Rn}n∈N of quantum state rotation
protocols Rn of |ψ〉⊗n with error εn such that (i) for any i, j,
ei j(ψ, {Rn}) converges; (ii) etot(ψ, {Rn}) = r; (iii) limn→∞ εn =
0. The optimal entanglement cost eopt(ψ) for the quantum state
rotation task of ψ is defined as the infimum of the achievable
total entanglement rates.
III. LOWER BOUNDS
In this section, we introduce two quantities that present
the amounts of entanglement between two sets of M users in
the exact and asymptotic scenarios. We then present a lower
bound on the optimal entanglement cost for the quantum state
rotation task using these quantities.
A. Lower bound on bipartite entanglement rate
To express two sets of the M users, we make use of a par-
tition of the set [M]. Let {P, Pc} be a partition of the set [M],
where P is any non-empty proper subset of [M], and Pc is the
complement of P, i.e., Pc = [M]\P. If we interpret an element
i of the set [M] as the i-th user of the quantum state rotation
task, then we can divide the M users into two disjoint subsets
P and Pc via the partition {P, Pc}.
For an exact quantum state rotation protocol R of ψ, we de-
fine the bipartite entanglement difference dP(ψ,R) for a parti-
tion {P, Pc} as
dP(ψ,R) =
∑
i∈P, j∈Pc
di j(ψ,R),
where di j is defined in Eq. (4). The optimal bipartite entangle-
ment difference dP(ψ) for a partition {P, Pc} is defined as the
infimum of the bipartite entanglement differences dP(ψ,R) for
the same partition over exact protocols R.
The following proposition provides a lower bound on the
bipartite entanglement difference for the quantum state rota-
tion task of the initial state ψ.
Proposition 1. Let |ψ〉AR be the initial state of the quantum
state rotation task. The optimal bipartite entanglement differ-
ence dP(ψ) for a partition {P, Pc} is lower bounded by
dP(ψ) ≥ lP(ψ) B maxN
H
(⊗
i∈P
Ai−1V
)
N(ψ)
− H
(⊗
i∈P
AiV
)
N(ψ)
 ,
where the maximum is taken over all quantum channels N :
R → V, and H(X)ρ = −Tr ρ log ρ is the von Neumann en-
tropy [16] of a quantum state ρ on a quantum system X.
To prove Proposition 1, we consider an R-assisted quantum
state rotation task whose idea comes from Refs. [9–11]. In
this task, the referee can assist M users as follows: The referee
firstly divides his/her part R of the initial state |ψ〉AR into two
parts V and W. This can be done through a quantum channel
N : R→ V whose complementary channelNc : R→ W [16].
Then the referee sends the state ρV = N(R) (ρW = Nc(R)) to
one of the users belonging to the set P (Pc), so that the initial
state |ψ〉AR becomes |ψ〉AVW .
After finishing the referee’s assistance, M users rotate the
parts Ai of |ψ〉AVW via entanglement-assisted LOCC, as in the
original quantum state rotation. In the following, we call such
a protocol an exact R-assisted quantum state rotation of the
state |ψ〉AVW , and it is denoted by A. Since A is an LOCC
protocol among the M users, it is also an LOCC protocol be-
tween two disjoint subsets P and Pc of the users. By using the
fact that the amount of entanglement between two sets P and
Pc of the users cannot increase via LOCC operations [17, 18],
we obtain the inequality
H
(⊗
i∈P
AiBiV
)
N(ψ)⊗Ψ˜
≥ H
(⊗
i∈P
A′iCiV
)
N(ψ f )⊗Φ˜
,
which can be simplified as
H
(⊗
i∈P
AiV
)
N(ψ)
+
∑
i∈P, j∈Pc
log Ki j (A)
≥ H
(⊗
i∈P
A′iV
)
N(ψ f )
+
∑
i∈P, j∈Pc
log Li j (A) .
4By the definition of the final state ψ f , we obtain that
H
(⊗
i∈P
A′iV
)
N(ψ f )
= H
(⊗
i∈P
Ai−1V
)
N(ψ)
holds. It follows that
dP(ψ,A) ≥ H
(⊗
i∈P
Ai−1V
)
N(ψ)
− H
(⊗
i∈P
AiV
)
N(ψ)
.
Note that the above inequality holds for any exact R-assisted
quantum state rotation protocol. So the optimal bipartite en-
tanglement difference for exact R-assisted quantum state ro-
tation protocols is lower bounded by lP(ψ). Moreover, any
exact quantum state rotation protocol of |ψ〉AR is the special
case of the exact R-assisted quantum state rotation protocol
in which the referee does not assist the users. It follows that
dP(ψ) ≥ lP(ψ) holds.
Similarly to the bipartite entanglement difference, we de-
fine the bipartite entanglement rate eP(ψ, {Rn}) for a partition
{P, Pc} with respect to the initial state ψ and the sequence
{Rn}n∈N whose total entanglement rate is achievable as fol-
lows:
eP(ψ, {Rn}) =
∑
i∈P, j∈Pc
ei j(ψ, {Rn}),
where the segment entanglement rate ei j is defined in Eq. (4).
We also define the optimal bipartite entanglement rate eP(ψ)
for a partition {P, Pc} as the infimum of the bipartite entangle-
ment rates eP(ψ, {Rn}) for the same partition.
For each n, let An be an R-assisted quantum state rotation
protocol of |ψ〉⊗nAVW with error εn. Let T befn and T aftn be total
amounts of entanglement resources between two sets P and
Pc of the users before and after the protocolAn, respectively.
Since the total amount of entanglement between two sets P
and Pc of the users cannot increase under LOCC [17, 18], we
have T befn ≥ T aftn . Here, the amounts are represented as
T befn = nH
(⊗
i∈P
AiV
)
N(ψ)
+
∑
i∈P, j∈Pc
log Ki j (An) ,
T aftn = H
(⊗
i∈P
(A′i)
⊗nV⊗n
)
An(N(ψ)⊗n)
+
∑
i∈P, j∈Pc
log Li j (An) .
Since εn → 0 as n→ ∞, we have
lim
n→∞
1
n
H
(⊗
i∈P
(A′i)
⊗nV⊗n
)
An(N(ψ)⊗n)
= H
(⊗
i∈P
A′iV
)
N(ψ f )
.
It follows that
lim
n→∞
∑
i∈P, j∈Pc
log Ki j (An) − log Li j (An)
n
≥ H
(⊗
i∈P
A′iV
)
N(ψ f )
− H
(⊗
i∈P
AiV
)
N(ψ⊗n)
.
So, if eRP(ψ) indicates the optimal bipartite entanglement rate
with respect to sequences of R-assisted quantum state rotation
protocols. Then, we have eRP(ψ) ≥ lP(ψ). This implies the
following lemma, since any sequence of quantum state rota-
tion protocols is also a sequence of R-assisted quantum state
rotation protocols.
Lemma 2. Let |ψ〉AR be the initial state of the quantum state
rotation task. The optimal bipartite entanglement rate eP(ψ)
for a partition {P, Pc} is lower bounded by
eP(ψ) ≥ lP(ψ),
where the bound lP(ψ) is defined in Proposition 1.
Lemma 2 means that the lower bound on the bipartite en-
tanglement difference in the exact scenario becomes the lower
bound on the bipartite entanglement rate in the asymptotic
scenario. In other words, via Lemma 2, we can easily obtain
the lower bound of the bipartite entanglement rate by merely
finding that of the bipartite entanglement difference in the ex-
act scenario. Note that it is possible to apply this technique to
other quantum communication tasks, such as the generalized
quantum Slepian-Wolf [19] and the multi-party state merg-
ing [20], in which users perform the tasks via entanglement-
assisted LOCC in the asymptotic scenario.
We remark that while the lower bounds in Proposition 1 and
Lemma 2 are presented in terms of the von Neumann entropy,
these lower bounds can be generalized by replacing the von
Neumann entropy with Re´nyi entropies [21]. For this gen-
eralization, one may need continuity bounds [22–24] for the
Re´nyi entropies.
B. Lower bound on optimal entanglement cost
We derive a lower bound on the optimal entanglement cost
of the quantum state rotation task by using Lemma 2.
Theorem 3. Let |ψ〉AR be the initial state for the quantum state
rotation task. Any achievable total entanglement rate r of ψ is
lower bounded by
r ≥ lk(ψ) B 1
2
(
M−2
k−1
) ∑
Pk∈S k
lPk (ψ), (5)
where S k is the set of subsets Pk of [M] whose size is k, that
is, |Pk | = k, and lPk (ψ) is given in Proposition 1.
Theorem 3 implies that the optimal entanglement cost
eopt(ψ) of the initial state ψ is lower bounded by
eopt(ψ) ≥ l(ψ) B max
1≤k≤b M2 c
lk(ψ), (6)
where bxc denotes the floor function defined as max{m ∈ Z :
m ≤ x}.
Proof of Theorem 3. Let r be any achievable total entangle-
ment rate for the initial state ψ, then there is a sequence
{Rn}n∈N of quantum state rotation protocols Rn of |ψ〉⊗n
with error εn such that ei j(ψ, {Rn}) converges for any i, j,
etot(ψ, {Rn}) = r, and limn→∞ εn = 0. Since lPk = lPM−k holds
5for any k ∈ [M − 1], we have lk(ψ) = lM−k(ψ). So we will
prove in the following that lk(ψ) is a lower bound on the opti-
mal entanglement cost for 1 ≤ k ≤ bM/2c.
Let f be a function of elements i, j and a subset P of [M]
defined as
f (i, j, P) =
1 if (i ∈ P, j ∈ Pc) or ( j ∈ P, i ∈ Pc)0 otherwise.
Note that f ( j, i, P) = f (i, j, P) holds, and the bipartite entan-
glement rate eP(ψ, {Rn}) is represented as
eP(ψ, {Rn}) = 12
∑
i, j∈[M],i, j
f (i, j, P)ei j(ψ, {Rn}). (7)
For given elements i, j, let S i jk be the subset of the set S k whose
element Pk satisfies f (i, j, Pk) = 1. Then the size of the set
S i jk is nk B 2
(
M−2
k−1
)
. Observe that |S i jk | = |S i
′ j′
k | holds for any
elements i, j, i′ and j′. This means that for a given segment
entanglement rate ei j there exist nk subsets Pk of the set [M]
such that f (i, j, Pk) = 1, i.e.,∑
Pk∈S k
f (i, j, Pk)ei j(ψ, {Rn}) = nkei j(ψ, {Rn}). (8)
From Eqs. (7) and (8), it follows that
etot(ψ, {Rn}) = 12
∑
i, j∈[M],i, j
ei j(ψ, {Rn})
=
1
2nk
∑
i, j∈[M],i, j
∑
Pk∈S k
f (i, j, Pk)ei j(ψ, {Rn})
=
1
2nk
∑
Pk∈S k
∑
i, j∈[M],i, j
f (i, j, Pk)ei j(ψ, {Rn})
=
1
nk
∑
Pk∈S k
ePk (ψ, {Rn}) ≥ lk(ψ). (9)
Here, the last inequality comes from Lemma 2. This shows
that r ≥ lk(ψ) holds for any achievable total entanglement rate
r and any k. 
Remark 4. The lower bounds li(ψ) are non-negative, since
for each i,
∑
Pi∈S i
lPi (ψ) ≥
∑
Pi∈S i
H
⊗
j∈Pi
A j−1

ψ
− H
⊗
j∈Pi
A j

ψ

=
∑
Pi∈S i
H
⊗
j∈Pi
A j

ψ
−
∑
Pi∈S i
H
⊗
j∈Pi
A j

ψ
= 0.
Thus, the optimal entanglement cost cannot be negative, i.e.,
eopt(ψ) ≥ 0. This means that the total amount of entanglement
resources gained from the quantum state rotation task cannot
exceed that of entanglement resources consumed in the task.
In this work, while we analyze the optimal entanglement
cost as a figure of merit, the case of zero optimal entangle-
ment costs, eopt = 0, does not necessarily mean that related
segment entanglement rates are zero, i.e, ei, j = 0 for each pair
i and j of the users. In general, entanglement resources for the
quantum state rotation task may be consumed by some pair of
users while distilled by another pair. We will see this case in
Remark 9.
Remark 5. One of our contributions is to generalize results
of the quantum state exchange task [9] to the general cases
including more than two users. To be specific, Remark 4 im-
plies the non-negativity of the optimal entanglement cost for
the quantum state exchange task. For M = 2, the lower bound
l(ψ) in Eq. (6) becomes
l(ψ) = max
N
∣∣∣H (A1V)N(ψ) − H (A2V)N(ψ)∣∣∣ ,
since the initial state ψ is pure, which is the lower bound on
the optimal entanglement cost for the quantum state exchange
task presented in Ref. [9].
IV. ACHIEVABLE UPPER BOUND
In this section, we present an achievable upper bound on
the optimal entanglement cost for the quantum state rotation
task by considering a specific strategy.
The quantum state rotation task can be carried out by us-
ing an M-partite merge-and-send strategy. We can obtain
this strategy by generalizing the merge-and-send strategy pre-
sented in Ref. [9]. The idea of the M-partite merge-and-send
strategy is as follows: (i) The first and second users of the
quantum state rotation task merge the part A1 to the second
user by using quantum state merging [2, 3]. In this case, the
part A2 of the second user acts as the quantum side informa-
tion. After finishing merging A1, the second user considers
his/her part A1 as a part of the reference system. Then the sec-
ond and third users can make use of the quantum state merging
protocol again, in order to merge A2. In this way, the part Ai
is sequentially merged from the i-th user to the (i + 1)-th user
except for the last part AM . (ii) Finally, the last user and the
first user perform Schumacher compression [16, 25] together
with quantum teleportation [1] in order to send the part AM to
the first user. Through this strategy, the M users can rotate any
initial state of the quantum state rotation task.
Note that instead of using the quantum state merging [2, 3],
the M users can apply the quantum state redistribution [6, 7]
with the quantum teleportation [1] in order to perform the
quantum state rotation task. In this case, the total amount of
entanglement resources is identical to that of the M-partite
merge-and-send strategy, while the amounts of classical com-
munication can be different.
When the users adopt the M-partite merge-and-send strat-
egy, for each i ∈ [M − 1], the entanglement cost of merging Ai
is represented as H(Ai|Ai+1)ψ, and the entanglement cost for
sending AM is H(AM)ψ, where H(X|Y)ρ = H(XY)ρ − H(Y)ρ
is the quantum conditional entropy [16] of a quantum state ρ
on a bipartite quantum system XY . In other words, these en-
tanglement costs can be represented in terms of the segment
entanglement rates as follows.
6Lemma 6. For any initial state |ψ〉AR, there exists a sequence
{Rn}n∈N of quantum state rotation protocols Rn of |ψ〉⊗n with
error εn such that limn→∞ εn = 0,
ei j(ψ, {Rn}) =

H(Ai|Ai+1)ψ if i ∈ [M − 1] and j = i + 1
H(AM)ψ if i = M and j = 1
0 otherwise,
etot(ψ, {Rn}) = H(AM)ψ +
M−1∑
i=1
H(Ai|Ai+1)ψ,
where H(·|·) is the quantum conditional entropy [16].
In order to prove Lemma 6, we apply a technique presented
in Ref. [10], which is used to show the existence of the merge-
and-merge strategy therein, and we refer the reader to Ap-
pendix A for the proof of Lemma 6.
By using Lemma 6, we obtain the following achievable up-
per bound on the optimal entanglement cost of quantum state
rotation tasks.
Theorem 7. Let |ψ〉AR be the initial state for the quantum state
rotation task where A = A1A2 · · · AM . The optimal entangle-
ment cost eopt(ψ) is upper bounded by
eopt(ψ) ≤ u(ψ) B
M∑
i=1
H(Ai|Ai+1)ψ + min
1≤i≤M
I(Ai; Ai+1)ψ,
where I(X; Y)ρ = H(X)ρ + H(Y)ρ − H(XY)ρ is the quantum
mutual information [16] of a quantum state ρ on a bipartite
quantum system XY.
Proof. For each i ∈ [M], we consider an M-partite merge-
and-send strategy in which the part Ai is firstly merged from
the i-th user to the (i + 1)-th user and the part Ai−1 is lastly
sent from the (i − 1)-th user to the i-th user. From Lemma 6,
the achievable total entanglement rate ui(ψ) for this strategy is
given by
ui(ψ) = H(Ai−1) +
∑
j∈[M]\{i−1}
H(A j|A j+1)
= I(Ai : Ai−1) +
∑
j∈[M]
H(A j|A j+1).
It follows that eopt(ψ) ≤ min1≤i≤M ui(ψ), by optimizing over
the choice of the first user to start the merge-and-send strategy.

Remark 8. By using the lower bound in Eq. (6) and Theo-
rem 7, we can exactly evaluate the optimal entanglement costs
for some initial states. For example, let us consider an initial
state
|φ1〉AR =
M⊗
i=1
|ϕi〉AiRi ,
where |ϕi〉 is any pure bipartite quantum state, and R =
R1R2 · · ·RM . Then, from the lower bound in Eq. (6), we obtain
eopt(φ1) ≥ l1(φ1) = 12
M∑
i=1
max
N
{
H (Ai−1V)N(φ1) − H (AiV)N(φ1)
}
,
where N is a quantum channel from R to V . If we choose N
as the quantum channel Ni : R→ Ri for each i, then
eopt(φ1) ≥ 12
M∑
i=1
H(Ai−1Ri)φ1 − H(AiRi)φ1 =
M∑
i=1
H(Ai)ϕi .
Moreover, from Theorem 7, we have
eopt(φ1) ≤ u(φ1) =
M∑
i=1
H(Ai)ϕi .
Hence, eopt(φ1) =
∑M
i=1 H(Ai)ϕi .
Remark 9. In general, the M-partite merge-and-send strategy
is not necessarily the optimal strategy, although we have used
it in order to find the optimal entanglement cost for the spe-
cific initial state in Remark 8. For a counterexample of the
optimality, let us consider an initial state
|φ2〉A = |ϕ1〉A1A3 ⊗ |ϕ2〉A2 ⊗ |ϕ3〉A4 , (10)
where |ϕ1〉 is any pure two-qubit entangled state, and |ϕ2〉
and |ϕ3〉 are any pure quantum states. Here, R is regarded
as a one-dimensional system. From Theorem 7, we obtain
u(φ2) = 2H(A1)ϕ1 . However, in this case, the second user lo-
cally prepares the two-qubit state |ϕ1〉, and sends one qubit
of the state to the fourth user by using Schumacher com-
pression [16, 25] and the quantum teleportation [1]. From
this, the second and fourth users can share the state |ϕ1〉, and
the amount of entanglement consumed by them is H(A1)ϕ1 .
On the other hand, the first and third users can generate the
same amount of entanglement by applying entanglement dis-
tillation [17, 26, 27] to their state |ϕ1〉A1A3 . That is, there
exists a sequence {Rn} of quantum state rotation protocols
of φ2 whose segment entanglement rates are zero except for
e1,3(φ2, {Rn}) = −H(A1)ϕ1 and e2,4(φ2, {Rn}) = H(A1)ϕ1 . So,
the non-negativity of the optimal entanglement cost implies
eopt(φ2) = 0 , u(φ2).
Remark 10. Throughout this paper, we assume that the users
of the quantum state rotation task make use of the complete
entanglement allocation. However, one may think that it suf-
fices to consider bipartite entanglement resources between i-
th and (i + 1)-th users for each i, since i-th user sends his/her
quantum information to the (i + 1)-th user in the M-partite
merge-and-send strategy. Here, we call such a shape of entan-
glement resources the cycle entanglement allocation.
The initial state φ2 in Eq. (10) shows that the complete
entanglement allocation setting can reduce the total amount
of entanglement resources for the quantum state rotation task
compared to the case that the users use the cycle entanglement
allocation for rotating the same initial state.
To see this reduction, we evaluate a lower bound on the op-
timal entanglement cost for rotating φ2, when the users use
the cycle entanglement allocation, not the complete entangle-
ment allocation. This means that the first (second) user and the
third (fourth) user cannot employ any entanglement resource
between them. Let {Cn}n∈N be a sequence of such protocols Cn
rotating |φ2〉⊗n with error εn, where the users of each protocol
7use the cycle entanglement allocation. Since there is no need
to consider the segment entanglement rates e1,3(φ2, {Cn}) and
e2,4(φ2, {Cn}) in this case, Lemma 2 implies that the inequality
ei,i−1(φ2, {Cn}) + ei,i+2(φ2, {Cn}) ≥ l{i}(φ2)
holds for each 1 ≤ i ≤ 4. It follows that
|H(A1)φ2 − H(A2)φ2 + H(A3)φ2 − H(A4)φ2 | = 2
is a lower bound on the optimal entanglement cost of rotating
φ2 via the cycle entanglement allocation. However, in the case
of the complete entanglement allocation, we know eopt(φ2) =
0, as explained in Remark 9.
On this account, the case of the initial state φ2 tells us that
the use of the complete entanglement allocation can give a
smaller total entanglement rate than that of the cycle entan-
glement allocation. This justifies that we consider the com-
plete entanglement allocation rather than cyclic entanglement
allocation in the definition of the quantum state rotation task.
V. CONDITIONS
In this section, we derive a sufficient condition on positive
optimal entanglement costs and a necessary condition on zero
achievable total entanglement rates.
A. Condition on positive optimal entanglement cost
We provide a sufficient condition on positive optimal entan-
glement costs of the quantum state rotation task.
When M = 2, we can find out a condition by using results
on the quantum state exchange task presented in Refs. [9, 11].
That is, if H(A1)ψ , H(A2)ψ for the initial state |ψ〉A1A2R, then
the optimal entanglement cost of the quantum state exchange
task is positive, i.e., eopt(ψ) > 0. So, one may naturally guess
a generalized sufficient condition with respect to the initial
state |ψ〉AR on A = A1A2 · · · AM as follows: If there exist some
i, j ∈ [M] such that
H(Ai)ψ , H(A j)ψ,
then eopt(ψ) > 0.
However, this guess is not the case. Let us consider the
initial state φ2 in Eq. (10). Then, it is satisfied that H(A1)φ2 =
1 , 0 = H(A2)φ2 , but eopt(φ2) = 0 as explained in Remark 9.
Interestingly, the above condition can be corrected in terms of
quantum conditional entropies.
Theorem 11. Let |ψ〉AR be the initial state for the quantum
state rotation task with A = A1A2 · · · AM . If there exist some
i, j ∈ [M] such that
H(R|Ai)ψ , H(R|A j)ψ,
then eopt(ψ) > 0.
By using the condition in Theorem 11, we can easily check
that the optimal entanglement cost is not zero. To prove The-
orem 11, we use the following lemma.
Lemma 12. The lower bound l1(ψ) shown in Theorem 3 is
lower bounded by
l1(ψ) ≥ 12 maxD⊆[M]
∣∣∣∣∣∣∣∣
∑
i j∈D
(−1) jH(R|Ai j )ψ
∣∣∣∣∣∣∣∣ ,
where D denotes a subset {i1, i2, . . . , i2k} of the set [M] with
k = 1, . . . , bM/2c and i1 < i2 < · · · < i2k, and the maximum is
taken over all possible subsets D.
Proof. It is easy to check that l1(ψ) is lower bounded by
1
2
M∑
i=1
max
{
H(Ai−1)ψ − H(Ai)ψ,H(Ai−1R)ψ − H(AiR)ψ
}
,
by using the definition of the lower bound li(ψ) in Eq. (5). So
it suffices to show the equality LHS = RHS, where LHS and
RHS are defined as
LHS =
M∑
i=1
max {αi, βi} ,
RHS = max
D⊆[M]
∣∣∣∣∣∣∣∣
∑
i j∈D
(−1) jH(R|Ai j )ψ
∣∣∣∣∣∣∣∣ ,
with αi = H(Ai−1)ψ − H(Ai)ψ and βi = H(Ai−1R)ψ − H(AiR)ψ.
(i) To show LHS ≤ RHS, we use functions fi : {0, 1} → R
defined as fi(x) = (1 − x)αi + xβi. Let b be an M-bit string
b = b1b2 · · · bM such that bi ∈ {0, 1} for each i. Then LHS is
represented as
LHS = max
b
M∑
i=1
fi(bi),
where the maximum is taken over all M-bit strings. In addi-
tion, we observe that
M∑
i=1
fi(bi) =
M∑
i=1
[
(1 − bi)αi + biβi] = M∑
i=1
bi (βi − αi)
=
M∑
i=1
(bi − 1)βi −
M∑
i=1
biαi
= −
M∑
i=1
[
(1 − (1 − bi))αi + (1 − bi)βi]
= −
M∑
i=1
fi(1 − bi) (11)
hold for any M-bit string b, where the second and third equal-
ities come from equalities
∑M
i=1 αi =
∑M
i=1 βi = 0. This implies
LHS = max
b
∣∣∣∣∣∣∣
M∑
i=1
fi(bi)
∣∣∣∣∣∣∣ ,
where the maximum is taken over all M-bit strings having k
zero bits with 1 ≤ k ≤ bM/2c. For any M-bit string b =
8b1b2 · · · bM with k bits in state zero, we can express k zero bits
and the other bits in state one using two functions g : [k] →
[M] and h : [M − k] → [M] satisfying bg(i) = 0 and bh(i) = 1,
respectively. Observe that
M∑
i=1
fi(bi) =
k∑
i=1
fg(i)(0) +
M−k∑
i=1
fh(i)(1)
=
k∑
i=1
fg(i)(0) −
k∑
i=1
fg(i)(1)
=
k∑
i=1
[
H(R|Ag(i))ψ − H(R|Ag(i)−1)ψ
]
=
∑
i∈X\Y
H(R|Ai)ψ −
∑
i∈Y\X
H(R|Ai)ψ,
where X = {g(i) : i ∈ [k]} and Y = {g(i) − 1 : i ∈ [k]}. The
second equality comes from the simple fact
k∑
i=1
fg(i)(1) +
M−k∑
i=1
fh(i)(1) =
M∑
i=1
fi(1) = 0.
Let x1 and x2 be any two elements in X\Y with x1 < x2. Then
x1, x2 < Y . If x2 − x1 = 1, then we have x1 = x2 − 1 ∈ Y by
definition of the set Y , which is in contradiction to x1 < Y . So
we obtain x2 − x1 > 1. It follows that x1 − 1, x2 − 1 ∈ Y\X and
x1 − 1 < x1 < x2 − 1 < x2. This shows that there is a subset
D = {i1, i2, . . . , i2k} of [M] with k ∈ {1, . . . , bM/2c} such that
i1 < i2 < · · · < i2k, for each j ∈ [k], i2 j−1 ∈ Y\X and i2 j ∈ X\Y ,
M∑
i=1
fi(bi) =
∑
i j∈D
(−1) jH(R|Ai j )ψ.
Thus, LHS ≤ RHS holds, since the M-bit string b with k zero
bits is arbitrary.
(ii) We show LHS ≥ RHS. Let D = {i1, i2, . . . , i2k} be a
subset of [M] with k ∈ {1, . . . , bM/2c} and i1 < i2 < · · · < i2k
satisfying RHS =
∣∣∣∑i j∈D(−1) jH(R|Ai j )ψ∣∣∣. Set an M-bit string
b as follows:
b j =

1 if j ∈ {i1, i3, . . . , i2k−1,M}
0 if j ∈ {i2, i4, . . . , i2k}
b j+1 otherwise.
(12)
We obtain the following equalities:
M∑
j=1
f j(b j)
=
i1−1∑
j=1
f j(1) +
k∑
j=1
 fi(2 j−1) (1) + i2 j−1∑
l=i(2 j−1)+1
fl(0)

+
k−1∑
j=1
 fi2 j (0) + i(2 j+1)−1∑
l=i2 j+1
fl(1)
 + fi2k (0) + M∑
j=i2k+1
f j(1)
=
i1−1∑
j=1
β j +
k∑
j=1
βi(2 j−1) + i2 j−1∑
l=i(2 j−1)+1
αl

+
k−1∑
j=1
αi2 j + i(2 j+1)−1∑
l=i2 j+1
βl
 + αi2k + M∑
j=i2k+1
β j
=
k∑
j=1
[
H(Ai(2 j−1)−1R)ψ − H(R|Ai(2 j−1) )ψ − H(Ai2 j−1)ψ
]
+
k−1∑
j=1
[
H(Ai2 j−1)ψ + H(R|Ai2 j )ψ − H(Ai(2 j+1)−1R)ψ
]
+H(Ai2k−1)ψ + H(R|Ai2k )ψ − H(Ai1−1R)ψ
=
2k∑
j=1
(−1) jH(R|Ai j )ψ.
In the case that the sum
∑
i j∈D(−1) jH(R|Ai j )ψ is negative, we
can find another M-bit string b′ satisfying b′i = 1 − bi, where
bi is the i-th bit of the M-bit string b defined in Eq. (12). By
using the relation in Eq. (11), we obtain
M∑
j=1
f j(b′j) = −
∑
i j∈D
(−1) jH(R|Ai j )ψ.
It follows that LHS ≥ RHS. 
Proof of Theorem 11. We prove the contrapositive of Theo-
rem 11. Suppose that eopt(ψ) = 0. Then l1(ψ) = 0, since
the lower bound li on the optimal entanglement cost is non-
negative. So Lemma 12 implies
max
D⊆[M]
∣∣∣∣∣∣∣∣
∑
i j∈D
(−1) jH(R|Ai j )ψ
∣∣∣∣∣∣∣∣ = 0,
where D is a subset {i1, i2, . . . , i2k} of the set [M] with k =
1, . . . , bM/2c and i1 < i2 < · · · < i2k. By choosing D as a
set {i, j} with i , j, we obtain H(R|Ai)ψ = H(R|A j)ψ for any
i, j. 
Remark 13. The converse of Theorem 11 does not necessar-
ily hold. Consider the initial state
|φ3〉AR =
M⊗
i=1
|ϕ〉AiRi ,
9where |ϕ〉 is any pure bipartite entangled state. Then we know
that the optimal entanglement cost for rotating φ3 can be pos-
itive from the lower bound in Eq. (6), but the condition in
Theorem 11 does not necessarily hold.
B. Condition on zero achievable total entanglement rate
We present a necessary condition on zero achievable total
entanglement rates of the quantum state rotation task. To de-
rive the condition, we use the following lemma.
Lemma 14. Let |ψ〉AR be the initial state of the quantum state
rotation task, and let {Rn}n∈N be a sequence of quantum state
rotation protocols Rn of |ψ〉⊗n with error εn whose total entan-
glement rate r is achievable. If r = 0, then
eP(ψ, {Rn}) = lP(ψ)
holds for any non-empty proper subset P of [M].
Proof. Since r = 0, Theorem 3 and Remark 4 imply that the
lower bound li(ψ) in Eq. (5) is zero for each i ∈ [M].
Suppose that there exists a non-empty proper subset Q of
[M] such that eQ(ψ, {Rn}) , lQ(ψ). Then Lemma 2 implies
eQ(ψ, {Rn}) > lQ(ψ). (13)
If the size of the set Q is k, then we consider the set S k of
subsets Pk of [M] whose size is k, so that Q ∈ S k. Then we
can obtain
0 = etot(ψ, {Rn}) = 1nk
∑
Pk∈S k
ePk (ψ, {Rn})
>
1
nk
∑
Pk∈S k
lPk (ψ) = lk(ψ) = 0,
where nk = 2
(
M−2
k−1
)
, which is a contradiction. Here, the sec-
ond equality and the inequality come from Eqs. (9) and (13),
respectively. Consequently, eP(ψ, {Rn}) = lP(ψ) holds for any
non-empty proper subset P of [M]. 
The following theorem provides us with a necessary condi-
tion on zero achievable total entanglement rates for the quan-
tum state rotation task.
Theorem 15. Let |ψ〉AR be the initial state of the quantum
state rotation task, and let {Rn}n∈N be a sequence of quantum
state rotation protocols Rn of |ψ〉⊗n with error εn whose total
entanglement rate r is achievable. If r = 0, then the segment
entanglement rates ei j(ψ, {Rn}) are determined as
(i) If M = 3, ei j(ψ, {Rn}) = −l{i, j}(ψ).
(ii) If M = 4, ei j(ψ, {Rn}) =
(
l{i}(ψ) + l{ j}(ψ) − l{i, j}(ψ)
)
/2.
(iii) If M > 4, ei j(ψ, {Rn}) is represented as
1
αM
βMl{i, j}(ψ) + γM
∑
s∈{i, j}
t∈{i, j}c
l{s,t}(ψ) − 2
∑
s,t∈{i, j}c
s<t
l{s,t}(ψ)
 ,
where αM = 2(M − 2)(M − 4), βM = 2 − (M − 4)2, and γM =
M − 4.
The main idea of the proof for Theorem 15 is to construct
a system of linear equations regarding segment entanglement
rates as its unknowns and to solve it as follows.
Proof of Theorem 15. Since r = 0, Lemma 14 implies that∑
i∈P, j∈Pc
ei j(ψ, {Rn}) = lP(ψ)
holds for any non-empty proper subset P of [M]. This can be
interpreted as the following linear equation, if we consider the
segment entanglement rates ei j(ψ, {Rn}) and the lower bounds
lP(ψ) as unknowns and coefficients:∑
i< j
ci, j(P)ei j(ψ, {Rn}) = lP(ψ),
where the coefficient ci, j(P) is defined as
ci, j(P) =
1 if i ∈ P, j ∈ Pc0 otherwise.
In this way, we construct a system of linear equations for each
case as follows.
(i) For M = 3, there exist three unknowns of ei j(ψ, {Rn})
and three different linear equations. That is,
ei,i+1(ψ, {Rn}) + ei+2,i(ψ, {Rn}) = l{i}(ψ)
for each i. This can be expressed as a system of linear equa-
tions as follows:1 0 11 1 0
0 1 1

e1,2(ψ, {Rn})e2,3(ψ, {Rn})
e1,3(ψ, {Rn})
 =
l{1}(ψ)l{2}(ψ)
l{3}(ψ)
 .
By simply solving this system, we obtain
ei j(ψ, {Rn}) = (l{i}(ψ) + l{ j}(ψ) − l{k}(ψ))/2,
where {i, j, k} = [3], which becomes ei j(ψ, {Rn}) = −l{k}(ψ) =
−l{i, j}(ψ), since l1(ψ) = 0.
(ii) Similarly, the system of linear equations corresponding
to the case of M = 4 can be represented as

1 0 0 1 1 0
1 1 0 0 0 1
0 1 1 0 1 0
0 0 1 1 0 1
0 1 0 1 1 1
1 0 1 0 1 1


e1,2(ψ, {Rn})
e2,3(ψ, {Rn})
e3,4(ψ, {Rn})
e1,4(ψ, {Rn})
e1,3(ψ, {Rn})
e2,4(ψ, {Rn})

=

l{1}(ψ)
l{2}(ψ)
l{3}(ψ)
l{4}(ψ)
l{1,2}(ψ)
l{2,3}(ψ)

,
and its solution is given by
ei j(ψ, {Rn}) =
(
l{i}(ψ) + l{ j}(ψ) − l{i, j}(ψ)
)
/2.
(iii) Set N = M(M − 1)/2. If M > 4, the number of un-
knowns of ei j(ψ, {Rn}) is N. In this case, it suffices to consider
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subsets P2 of [M] whose size is two in order to construct a sys-
tem of linear equations. To be specific, there exist N different
linear equations∑
i< j
ci, j(P2)ei j(ψ, {Rn}) = lP2 (ψ), (14)
so we have a system of N linear equations with N unknowns.
This system of linear equations can be represented as a matrix
equation of the form
DMxM = bM ,
where the matrix DM is N by N, and the matrices xM and bM
are N by 1. To describe entries of these matrices, we use a
bijective function fM : [N] → TM , where TM is the set of
all two-element subsets P2 of [M]. Then the entries of the
matrices DM , xM , and bM are given by
[DM]s,t =

0 if s = t
1 if s , t and fM(s) ∩ fM(t) , ∅
0 if s , t and fM(s) ∩ fM(t) = ∅,
(15)
[xM]s,1 = e fM (s)(ψ, {Rn}),
[bM]s,1 = l fM (s)(ψ),
where [DM]s,t is derived from the coefficients ci, j(P2) in
Eq. (14), and e fM (s)(ψ, {Rn}) indicates the segment entangle-
ment rate eis js (ψ, {Rn}) if fM(s) = {is, js} ⊂ [M].
Now, we show that the matrix DM is invertible. Consider
an N by N matrix D−1M defined as
[
D−1M
]
s,t
=

βM/αM if s = t
γM/αM if s , t and fM(s) ∩ fM(t) , ∅
−2/αM if s , t and fM(s) ∩ fM(t) = ∅.
(16)
Define subsets T (1)s,s and T
(i)
s,t of [N] as follows:
T (1)s,s = {k ∈ [N] : k , s, fM(k) ∩ fM(s) , ∅} ,
T (2)s,t = {k ∈ [N] : s = k, t , k, fM(t) ∩ fM(k) , ∅} ,
T (3)s,t = {k ∈ [N] : s , k, fM(s) ∩ fM(k) , ∅, t , k,
fM(t) ∩ fM(k) , ∅} ,
T (4)s,t = {k ∈ [N] : s , k, fM(s) ∩ fM(k) = ∅, t , k,
fM(t) ∩ fM(k) , ∅} .
The sizes of these sets are given by∣∣∣T (1)s,s ∣∣∣ = 2(M − 2),∣∣∣T (2)s,t ∣∣∣ =
1 if fM(s) ∩ fM(t) , ∅0 otherwise,∣∣∣T (3)s,t ∣∣∣ =
M − 2 if fM(s) ∩ fM(t) , ∅4 otherwise,∣∣∣T (4)s,t ∣∣∣ =
M − 3 if fM(s) ∩ fM(t) , ∅2(M − 4) otherwise.
We obtain that the diagonal entries of the matrix D−1M DM are
[
D−1M DM
]
s,s
=
N∑
k=1
[
D−1M
]
s,k
[DM]s,k
=
γM
αM
∣∣∣T (1)s,s ∣∣∣ = γMαM 2(M − 2) = 1.
Since the matrix DM is symmetric, the first equality holds, and
by directly comparing Eqs. (15) and (16) we obtain the second
equality. On the other hand, observe that the equality
[
D−1M
]
s,k
[DM]k,t =

βM/αM if k ∈ T (2)s,t
γM/αM if k ∈ T (3)s,t
−2/αM if k ∈ T (4)s,t
0 otherwise
holds for any s, t, k ∈ [N] with s , t. From the above equation,
the off-diagonal entries of the matrix D−1M DM are calculated as
[
D−1M DM
]
s,t
=
N∑
k=1
[
D−1M
]
s,k
[DM]k,t
=
1
αM
(
βM
∣∣∣T (2)s,t ∣∣∣ + γM ∣∣∣T (3)s,t ∣∣∣ − 2 ∣∣∣T (4)s,t ∣∣∣) = 0.
This shows that the matrix D−1M is the inverse of the matrix
DM , and so xM = D−1M bM . 
Remark 16. The meaning of Theorem 15 is that if there exist
two sequences {Rn}n∈N and {R′n}n∈N of quantum state rotation
protocols for the same initial state |ψ〉AR whose achievable to-
tal entanglement rates are zero, then their segment entangle-
ment rates are the same, i.e.,
ei j(ψ, {Rn}) = ei j(ψ, {R′n})
for each i, j. This does not imply that there is a unique optimal
strategy for the quantum state rotation task.
Remark 17. To evaluate the segment entanglement rates pre-
sented in Theorem 15, we need to find out two quantities
l{i}(ψ) and l{i, j}(ψ). In general, it is difficult to calculate these
quantities with respect to the initial state |ψ〉AR, since they are
optimized over all quantum channels N : R → V as defined
in Proposition 1. However, for initial states |ψ〉A without the
reference system R, it is possible to compute them as follows:
l{i}(ψA) = H (Ai−1)ψA − H (Ai)ψA ,
l{i, j}(ψA) = H
(
Ai−1A j−1
)
ψA
− H
(
AiA j
)
ψA
.
We will see that these computable quantities play a crucial
role in proving Proposition 18 in the next section.
VI. DIFFERENCE BETWEEN QUANTUM STATE
ROTATION AND QUANTUM STATE EXCHANGE
In this section, we show that a property of the quantum state
exchange task [9] does not holds in the quantum state rotation
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task. This shows the difference between two quantum com-
munication tasks.
In the quantum state exchange task, i.e., M = 2, the initial
state |ψ〉A1A2 without the reference system R can be exactly ex-
changed without consuming any entanglement resources via
local unitary operations. Thus, for any initial state |ψ〉A1A2 ,
there exists a sequence of quantum state exchange protocols
for |ψ〉A1A2 whose achievable (total) entanglement rate is zero.
Thus, the optimal entanglement cost for the quantum state ex-
change task of |ψ〉A1A2 is always zero.
How about the quantum state rotation task of M ≥ 3? That
is, for any initial state |ψ〉A with A = A1A2 · · · AM , is there a se-
quence of quantum state rotation protocols whose achievable
total entanglement rate is zero? In the cases of M = 3, 4, 5,
we have not found answers to the above question. However, if
M ≥ 6, we can find some initial states that cannot be rotated
at zero achievable total entanglement rate.
Proposition 18. For M ≥ 6, there exists a quantum state
|ψ〉A such that its achievable total entanglement rates r for the
quantum state rotation task of |ψ〉A cannot be zero, i.e., r > 0.
The proof is based on the fact that there is no LOCC pro-
tocol transforming two Greenberger-Horne-Zeilinger (GHZ)
states [28] shared by Alice, Bob, and Charlie to three ebits
symmetrically shared among the three users under the exact
and asymptotic scenarios [29, 30]. In order to prove Propo-
sition 18, we show that, even considering the catalytic use of
entanglement resources among them, it is impossible to carry
out such a transformation under the asymptotic scenario. To
be specific, we provide the following lemma whose proof is
presented in Appendix B.
Lemma 19. Consider three users, and assume that the i-th
user has quantum systems AiA′i BiCi, where Ai = Ai,1Ai,2, A
′
i =
A′i,1A
′
i,2, Bi = Bi,i+1Bi,i−1, and Ci = Ci,i+1Ci,i−1. Let |φ〉A1A2A3
and |φ f 〉A′1A′2A′3 be the initial and final states given by
|φ〉A1A2A3 = |GHZ〉A1,1A2,1A3,1 ⊗ |GHZ〉A1,2A2,2A3,2 ,
|φ f 〉A′1A′2A′3 = |ebit〉A′1,1A′2,2 ⊗ |ebit〉A′2,1A′3,2 ⊗ |ebit〉A′3,1A′1,2 ,
where |GHZ〉 = (|000〉 + |111〉)/√2 and |ebit〉 = (|00〉 +
|11〉)/√2. Let T be the three-user LOCC protocol
T :
3⊗
i=1
AiBi −→
3⊗
i=1
A′iCi
of ϕ with error ε satisfying ‖T (φ ⊗ Ψ˜) − φ f ⊗ Φ˜‖1 ≤ ε, where
Ψ˜ and Φ˜ are defined as in Eq. (1). Then there is no sequence
{Tn}n∈N of three-user LOCC protocols Tn of |φ〉⊗n with error
εn such that ei j(φ, {Tn}) = 0 for each i, j and limn→∞ εn = 0.
In Lemma 19, the catalytic use of entanglement resources is
described in the following sense: While three users are free to
consume and gain the entanglement resources in each protocol
Tn, the amount of entanglement consumed by every two of the
users is asymptotically equal to that of entanglement gained
between them, i.e., the segment entanglement rate ei j(φ, {Tn})
is zero, for each i, j.
FIG. 2: Illustration for the initial state φ4 in Eq. (17) shared over M
users for M ≥ 6: A green triangle represents a GHZ state shared by
the first, third, and fifth users. For each j ≥ 7, k ∈ [M]\{1, 3, 5}, the
j-th user and the pure state |ϕk〉 are not explicitly illustrated.
Proof of Proposition 18. As described in Fig. 2, we construct
an initial state |φ4〉A of the quantum state rotation task on the
system A = A1A2 · · · AM with M ≥ 6 as follows:
|φ4〉A = |GHZ〉A1,1A3,1A5,1 ⊗ |GHZ〉A1,2A3,2A5,2 ⊗
⊗
i∈[M]\{1,3,5}
|ϕi〉Ai ,
(17)
where Ai = Ai,1Ai,2 for i = 1, 3, 5, and |ϕi〉 is any pure state.
Suppose that there is a sequence {Rn}n∈N of quantum state
rotation protocols Rn of φ⊗n4 whose zero total entanglement
rate is achievable. From Theorem 15, we obtain exact values
of the segment entanglement rates ei j(φ4, {Rn}) as follows:
ei j(φ4, {Rn}) =

1 if i, j ∈ {2, 4, 6}
−1 if i, j ∈ {1, 3, 5}
0 otherwise.
(18)
If we assume that the first user has all systems of the others
except for the third and fifth users, then the segment entangle-
ment rates in Eq. (18) tell us that it is possible to transform two
GHZ states shared by three users to three ebits symmetrically
shared among the users by means of LOCC operations and the
catalytic use of entanglement resources under the asymptotic
scenario. However, this contradicts to Lemma 19. Hence, the
achievable total entanglement rate r is positive. 
We remark that it is not sufficient to consider initial states
similar to the state φ4 in Eq. (17) in order to prove Proposi-
tion 18 with respect to M = 3, 4, 5. For example, consider the
initial state
|φ5〉A = |GHZ〉A1,1A2,1A3,1 ⊗ |GHZ〉A1,2A1,2A3,2 ⊗ |ϕ〉A4 ,
where Ai = Ai,1Ai,2 for i = 1, 2, 3, and |ϕ〉 is any pure state. If
there exists a sequence {Rn} of quantum state rotation proto-
cols for φ5 whose zero total entanglement rate is achievable,
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(a)
(b)
FIG. 3: (a) Quantum state rotation task of the initial state |ψ〉AR for M
users that is SWAP-invariant on system A j and A j+1 (blue circles); (b)
Quantum state rotation task of the same initial state |ψ〉AR for (M−1)
users. The system A j+1 is considered as a part of the reference. In
both illustrations, two blue circles represent the symmetric quantum
states on the systems A j and A j+1.
then Theorem 15 tells us that its segment entanglement rates
are determined as
e1,2(φ5, {Rn}) = e1,3(φ5, {Rn}) = −1,
e1,4(φ5, {Rn}) = e2,3(φ5, {Rn}) = 0,
e2,4(φ5, {Rn}) = e3,4(φ5, {Rn}) = 1.
To the best of our knowledge, whether such a sequence exists
or not is unknown. On this account, it is hard to prove Propo-
sition 18 for M = 3, 4, 5, as long as we stick to initial states
consisting of the two GHZ states.
VII. EXAMPLES
A. SWAP-invariant initial states
In this section, we see that reduction of the number of users
in quantum state rotation does not necessarily reduce the op-
timal entanglement cost of the task.
The initial state |ψ〉AR of the quantum state rotation task
with A = A1A2 · · · AM is said to be SWAP-invariant on sys-
tems Ai and Ai+1, if there exists an index i ∈ [M] such that(
SWAPAi↔Ai+1
)
(ψ) = ψ,
where SWAPX↔Y is the operation swapping quantum states in
systems X and Y . We now consider the M-user quantum state
rotation task of the SWAP-invariant initial state |ψ〉AR such that
(SWAPA j↔A j+1 )(ψ) = ψ as described in Fig. 3(a). From the
viewpoint of the ( j + 1)-th user, the part A′j+1 of the final state
ψ f is identical to the part A j+1 of the initial state ψ. So, it is
possible to exclude the ( j + 1)-th user to carry out the M-user
task, and so the ( j+1)-th user does nothing, since this task can
be done by the j-th user directly transmitting his/her quantum
information to the ( j + 2)-th user. In other words, the SWAP-
invariant initial state |ψ〉AR can be rotated by the (M − 1)-user
quantum state rotation task of |ψ〉A′R′ , where the systems A′ =
A1 · · · A jA j+2 · · · AM and R′ = A j+1R, as depicted in Fig. 3(b).
Let e(M−1)opt (ψ) and e
(M)
opt (ψ) be the optimal entanglement costs
for the (M − 1)-user quantum state rotation task of |ψ〉A′R′ and
the M-user quantum state rotation task of |ψ〉AR, respectively.
In this case, are two optimal entanglement costs e(M−1)opt (ψ) and
e(M)opt (ψ) equal? One may guess that e
(M−1)
opt (ψ) ≤ e(M)opt (ψ) holds
in general, since the part A j+1 does not need to be transmitted
during the second.
However, this is not the case. Consider three users sharing
the SWAP-invariant initial state
|φ6〉A = |ϕ1〉A1 ⊗ |ϕ2〉A2A3 , (19)
where A = A1A2A3, |ϕ1〉 is any pure quantum state, and
|ϕ2〉 = √α |00〉 +
√
1 − α |11〉 for any 0 < α < 1. In this case,
the 2-user task of |φ6〉A′R′ is nothing but the quantum state
exchange task of |φ6〉A′R′ . So we obtain e(2)opt(φ6) ≥ H(A2)φ6
from Remark 5. On the other hand, in the 3-user task, the
initial state can be rotated at zero optimal entanglement cost
as follows. The first user locally prepares the two-qubit
state |ϕ2〉, and sends one qubit to the third user by using
the Schumacher compression [16, 25] and the quantum tele-
portation [1]. While the amount of entanglement they con-
sumed is H(A2)φ6 , the second and third users can generate the
same amount of entanglement from the entanglement distilla-
tion [17, 26, 27]. Hence the total entanglement rate is zero,
i.e., e(3)opt(φ6) = 0.
Therefore, we obtain that e(2)opt(φ6) > e
(3)
opt(φ6) holds for the
SWAP-invariant initial state φ6. This means that even though
the third user does not have to participate in the quantum state
rotation task, helping the rest users to achieve the task can
reduce the optimal entanglement cost.
B. Quantum state rotation with cooperation
In this section, we answer the following question: if some
of the users are allowed not only LOCC but non-local (global)
operations, can they perform the quantum state rotation task
at a smaller optimal entanglement cost?
We consider the three-user quantum state rotation task of
|ψ〉AR, as shown in Fig. 4(a), and we modify this task by as-
suming that the second and third users can cooperate non-
locally in the following sense: the second and third users ap-
ply any quantum operations to the quantum state on the quan-
tum system A2A3, as depicted in Fig. 4(b). In the modified
task, the three users can make use of any three-user quantum
state rotation protocol of |ψ〉AR. So we can guess that the opti-
mal entanglement cost of the modified task is equal to or less
than that of the original one.
However, the initial state φ6 in Eq. (19) shows that such
a guess is wrong. In the previous section, we explained that
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FIG. 4: (a) Quantum state rotation task for three users. (b) Quantum
state rotation with cooperation, in which the second and third users
have the quantum state on the quantum systems A2 and A3 together.
the optimal entanglement cost for the three-user quantum state
rotation task of φ6 is zero, i.e., e
(3)
opt(φ6) = 0. In addition, the
modified task is nothing but the quantum state exchange task
of |φ6〉A′R′ whose optimal entanglement cost cannot be smaller
than H(A2)φ6 . So, we can see that in this case the optimal
entanglement cost for the original task is less than that of the
modified task. This is because the amount of entanglement
between the second and third users is not considered in the
modified task.
VIII. CONCLUSION
In this work, we have considered the quantum state rotation
as a fundamental quantum communication task for M users,
and have formally formulated the quantum state rotation pro-
tocol, the achievable total entanglement rate, and the optimal
entanglement cost. We have derived lower and upper bounds
on the optimal entanglement cost, and have presented con-
ditions on zero optimal entanglement costs and zero achiev-
able total entanglement rates. We have shown that there is
a unique property of the quantum state rotation task not ap-
pearing in quantum state exchange tasks for two users: Not
all initial states without the reference system can be rotated
without consuming any entanglement, while such states can
be exchanged at zero entanglement cost via local unitary op-
erations. We have also considered two specific situations of
quantum state rotation tasks. In the first situation, some users
do not have to participate in the task. In the second, users can
cooperate. For some initial states, we have shown that the op-
timal entanglement cost for the original quantum state rotation
task can be smaller than that for each situation.
While the lower bound l presented in Eq. (6) is helpful to
evaluate the optimal entanglement cost, it becomes zero for
initial states without the reference system R. This means that
it is not straightforward to determine whether the optimal en-
tanglement costs for such initial states are zero or not, unless
we can explicitly construct an optimal quantum state rotation
protocol. This is the main reason why we used the result of
Theorem 15 that the segment entanglement rates are deter-
mined in terms of the von Neumann entropies of the initial
state, in order to prove Proposition 18 instead of the lower
bound l. On this account, finding tighter lower bounds can be
meaningful future work.
The quantum state rotation task can be used as a sub-task
of more general quantum communication tasks as follows:
Let σ be a permutation on [M], then we can consider a new
quantum communication task for M user in which the i-th
user permutes his/her quantum information to the σ(i)-th user
by means of entanglement-assisted LOCC. We call this task
quantum state permutation. It is a well-known fact that any
permutation on a finite set has a unique cycle decomposition,
i.e., the permutation is expressed as a product of disjoint cy-
cles. This means that the quantum state permutation task with
respect toσ can be decomposed as quantum state rotation sub-
tasks, since the quantum state rotation tasks intuitively corre-
sponds to disjoint cycles. The permutation of quantum states
is fundamental for distributed quantum information process-
ing as discussed in Introduction, and our results lead to use-
ful tools to investigate the optimal entanglement cost for the
quantum state permutation task.
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1Appendix A: Proof of Lemma 6
For each i ∈ [M], we define quantum states ψi for the quantum state merging tasks as
ψi =
 i−1⊗
j=1
1Ai→A′i+1 ⊗ 1AiAi+1···AMR
 (ψ).
From the definition of the optimal entanglement cost for the quantum state merging [2, 3], for each i ∈ [M−1] there is a sequence
{M(i)n }n∈N of LOCC protocols
M(i)n : A⊗ni ⊗ Bi,i+1 ⊗ A⊗ni+1 ⊗ Bi+1,i −→ Ci,i+1 ⊗ A′⊗ni+1 ⊗Ci+1,i
of ψ⊗ni with error ε
(i)
n which merges the part Ai from the i-th user to the (i + 1)-th user and satisfies limn→∞ ε
(i)
n = 0,∥∥∥∥(M(i)n ⊗ 1R⊗ni ) (ψ⊗ni ⊗ Ψi) − ψ⊗ni+1 ⊗ Φi∥∥∥∥1 ≤ ε(i)n , (A1)
lim
n→∞
di,i+1(ψ⊗n,M(i)n )
n
= H(Ai|Ai+1),
where quantum systems Ri are defined by
Ri =
M⊗
j=i+2
A j ⊗
i⊗
j=2
A′j ⊗ R,
and Ψi and Φi are pure maximally entangled states on quantum systems Bi,i+1Bi+1,i and Ci,i+1Ci+1,i shared by the i-th and (i + 1)-
th users with Schmidt rank Ki,i+1(M(i)n ) and Li,i+1(M(i)n ), respectively. In addition, from the Schumacher compression [16, 25]
together with the quantum teleportation [1], there exists a sequence {Sn}n∈N of LOCC protocols
Sn : A⊗nM ⊗ BM,1 ⊗ B1,M −→ CM,1 ⊗ A′⊗n1 ⊗C1,M
of ψ⊗nM with error ε
(M)
n which sends the part AM from the M-th user to the first user and satisfies limn→∞ ε
(M)
n = 0,∥∥∥∥(Sn ⊗ 1R⊗nM ) (ψ⊗nM ⊗ ΨM) − ψ⊗nf ⊗ ΦM∥∥∥∥1 ≤ ε(i)n , (A2)
lim
n→∞
dM,1(ψ⊗n,Sn)
n
= H(AM),
where RM =
⊗M
i=2 A
′
i ⊗ R, and ΨM and ΦM are pure maximally entangled states on quantum systems BM,1B1,M and CM,1C1,M
shared by the first and M-th users with Schmidt rank KM,1(Sn) and LM,1(Sn), respectively. For each n ∈ N, we define an LOCC
protocol Rn as
Rn = Sn ◦M(M−1)n ◦M(M−2)n ◦ · · · ◦ M(1)n .
We also define a quantum state Ω˜i with i ∈ [M] as
Ω˜i =
M⊗
j=i+1
Ψ j ⊗
i−1⊗
j=1
Φ j.
Observe that the inequalities∥∥∥∥(M(i)n ◦ · · · ◦ M(1)n ) (ψ⊗n ⊗ Ψ˜) − ψ⊗ni+1 ⊗ Ψi+1 ⊗ Ω˜i+1∥∥∥∥1
≤
∥∥∥∥(M(i)n ◦ · · · ◦ M(1)n ) (ψ⊗n ⊗ Ψ˜) − (M(i)n ⊗ 1R⊗ni ) (ψ⊗ni ⊗ Ψi) ⊗ Ω˜i∥∥∥∥1 + ∥∥∥∥(M(i)n ⊗ 1R⊗ni ) (ψ⊗ni ⊗ Ψi) ⊗ Ω˜i − ψ⊗ni+1 ⊗ Ψi+1 ⊗ Ω˜i+1∥∥∥∥1
≤
∥∥∥∥(M(i−1)n ◦ · · · ◦ M(1)n ) (ψ⊗n ⊗ Ψ˜) − ψ⊗ni ⊗ Ψi ⊗ Ω˜i∥∥∥∥1 + ∥∥∥∥(M(i)n ⊗ 1R⊗ni ) (ψ⊗ni ⊗ Ψi) − ψ⊗ni+1 ⊗ Φi∥∥∥∥1 (A3)
2hold for i = 2, . . . ,M − 1, where the first and second inequalities come from the triangle property and the monotonicity of the
trace distance [16] and some identity maps 1R⊗n , and 1R⊗ni are omitted for convenience. Then we have∥∥∥∥(Rn ⊗ 1R⊗n ) (ψ⊗n ⊗ Ψ˜) − ψ⊗nf ⊗ Φ˜∥∥∥∥1
≤
∥∥∥∥(Rn ⊗ 1R⊗n ) (ψ⊗n ⊗ Ψ˜) − (Sn ⊗ 1R⊗nM ) (ψ⊗nM ⊗ ΨM) ⊗ Ω˜M∥∥∥∥1 + ∥∥∥∥(Sn ⊗ 1R⊗nM ) (ψ⊗nM ⊗ ΨM) ⊗ Ω˜M − ψ⊗nf ⊗ Φ˜∥∥∥∥1
≤
∥∥∥∥(M(M−1)n ◦ · · · ◦ M(1)n ) (ψ⊗n ⊗ Ψ˜) − ψ⊗nM ⊗ ΨM ⊗ Ω˜M∥∥∥∥1 + ∥∥∥∥(Sn ⊗ 1R⊗nM ) (ψ⊗nM ⊗ ΨM) − ψ⊗nf ⊗ ΦM∥∥∥∥1
≤
∥∥∥∥M(1)n (ψ⊗n ⊗ Ψ˜) − ψ⊗n2 ⊗ Ψ2 ⊗ Ω˜2∥∥∥∥1 + M−1∑
i=2
∥∥∥∥(M(i)n ⊗ 1R⊗ni ) (ψ⊗ni ⊗ Ψi) − ψ⊗ni+1 ⊗ Φi∥∥∥∥1 + ∥∥∥∥(Sn ⊗ 1R⊗nM ) (ψ⊗nM ⊗ ΨM) − ψ⊗nf ⊗ ΦM∥∥∥∥1
=
M−1∑
i=1
∥∥∥∥(M(i)n ⊗ 1R⊗ni ) (ψ⊗ni ⊗ Ψi) − ψ⊗ni+1 ⊗ Φi∥∥∥∥1 + ∥∥∥∥(Sn ⊗ 1R⊗nM ) (ψ⊗nM ⊗ ΨM) − ψ⊗nf ⊗ ΦM∥∥∥∥1 ≤ M∑
i=1
ε(i)n ,
where Ψ˜ and Φ˜ are given by
Ψ˜ =
⊗
i∈[M]
Ψi and Φ˜ =
⊗
i∈[M]
Φi.
Here, the first and second inequalities hold from the triangle property and the monotonicity of the trace distance again, The
third inequality is obtained by repeatedly applying the inequality in Eq. (A3). Since ψ = ψ0, the fourth equality holds. The last
inequality comes from Eqs. (A1) and (A2). Set εn =
∑M
i=1 ε
(i)
n . Then limn→∞ εn = 0, since limn→∞ ε
(i)
n = 0 holds for each i ∈ [M].
It follows that there is a sequence {Rn}n∈N of quantum state rotation protocols Rn of |ψ〉⊗n with error εn such that limn→∞ εn = 0,
ei j(ψ, {Rn}) =

H(Ai|Ai+1) if i ∈ [M − 1] and j = i + 1
H(AM) if i = M and j = 1
0 otherwise,
etot(ψ, {Rn}) = H(AM) +
M−1∑
i=1
H(Ai|Ai+1).
Appendix B: Proof of Lemma 19
To prove Lemma 19, we use the relative entropy of entanglement [31] between the second and third users instead of the
entanglement entropy between each user and the other two users, since the entanglement entropies for the initial and final states
are the same.
Suppose that there exists a sequence {Tn}n∈N of three-user LOCC protocols Tn of |φ〉⊗n with error εn such that ei j(φ, {Tn}) = 0
for each i, j and limn→∞ εn = 0, where the segment entanglement rate ei j is defined in Eq. (4). From the monotonicity of the
trace distance [16], we obtain that
δn =
∥∥∥∥TrA′1⊗nC1 [φ⊗nf ⊗ Φ˜] − TrA′1⊗nC1 [Tn (φ⊗n ⊗ Ψ˜)]∥∥∥∥1 ≤ εn.
Let D(%‖τ) be the quantum relative entropy between two mixed states % and τ, i.e., D(%‖τ) = Tr[%(log % − log τ)]. Then the
relative entropy of entanglement of %XY is defined by
ER(X; Y)% = min
τXY∈SEP(X;Y)
D(%XY‖τXY ),
where SEP(X; Y) is the set of all separable states on the system XY . From the continuity of the relative entropy of entangle-
ment [31], if δn ≤ 1/3, then we have
2
(
δn(n log dA′2A′3 + log dC2C3 ) − δn log δn
)
+ 4δn
≥ ER(A′2⊗nC2; A′3⊗nC3)TrA′1⊗nC1
[
φ⊗nf ⊗Φ˜
] − ER(A′2⊗nC2; A′3⊗nC3)TrA′1⊗nC1 [Tn(φ⊗n⊗Ψ˜)]
≥ ER(A′2⊗nC2; A′3⊗nC3)TrA′1⊗nC1
[
φ⊗nf ⊗Φ˜
] − ER(A⊗n2 B2; A⊗n3 B3)TrA⊗n1 B1 [φ⊗n⊗Ψ˜], (B1)
3where the second inequality comes from the fact that the relative entropy of entanglement cannot increase under LOCC opera-
tions [16]. It is easy to check that two equalities
TrA⊗n1 B1
[
φ⊗n ⊗ Ψ˜
]
= J⊗nA2,1A3,1 ⊗ J⊗nA2,2A3,2 ⊗ In(2, 1)B2,1 ⊗ ΨB2,3B3,2 ⊗ In(3, 1)B3,1 ,
TrA′1⊗nC1
[
φ⊗nf ⊗ Φ˜
]
= I⊗nA′2,2 ⊗ (|ebit〉 〈ebit|)
⊗n
A′2,1A
′
3,2
⊗ I⊗nA′3,1 ⊗ I
′
n(2, 1)C2,1 ⊗ ΦC2,3C3,2 ⊗ I′n(3, 1)C3,1
hold, where the mixed states J, In(i, j), I′n(i, j), and I are
J =
|00〉 〈00| + |11〉 〈11|
2
, In(i, j) =
1
Ki j (Tn)
Ki j(Tn)−1∑
j=0
| j〉 〈 j| , I′n(i, j) =
1
Li j (Tn)
Li j(Tn)−1∑
j=0
| j〉 〈 j| , and I = |0〉 〈0| + |1〉 〈1|
2
.
So we obtain
0 ≤ ER(A⊗n2 B2; A⊗n3 B3)TrA⊗n1 B1 [φ⊗n⊗Ψ˜] ≤ nER(A2; A3)TrA1 [φ] + ER(B2; B3)TrB1 [Ψ˜] = ER(B2; B3)TrB1 [Ψ˜]. (B2)
In the above, the first inequality comes from the non-negativity of the quantum relative entropy. From the subadditivity [32]
of the relative entropy of entanglement, we have the second inequality. The last equality holds, since TrA1
[
φ
]
is separable. By
discarding systems A′⊗n2,2C2,1 and A
′⊗n
3,1C3,1, we have
ER(A′2
⊗nC2; A′3
⊗nC3)TrA′1⊗nC1
[
φ⊗nf ⊗Φ˜
] ≥ ER(A′2,1⊗nC2,3; A′3,2⊗nC3,2)|ebit〉⊗nA′2,1A′3,2⊗ΦC2,3C3,2 .
In addition, Bob and Charlie can locally prepare the states I⊗nA′2,2 ⊗ I
′
n(2, 1)C2,1 and I
⊗n
A′3,1
⊗ I′n(3, 1)C3,1 , respectively. It follows that
ER(A′2,1
⊗nC2,3; A′3,2
⊗nC3,2)|ebit〉⊗n
A′2,1 A′3,2
⊗ΦC2,3C3,2 ≥ ER(A′2
⊗nC2; A′3
⊗nC3)TrA′1⊗nC1
[
φ⊗nf ⊗Φ˜
].
From the fact that ER(X; Y)% = H(X)% holds for any pure state %XY , we have
ER(A′2,1
⊗nC2,3; A′3,2
⊗nC3,2)|ebit〉⊗n
A′2,1A′3,2
⊗ΦC2,3C3,2 = H(A
′
2,1
⊗nC2,3)I⊗n
A′2,1
⊗I′n(2,3)C2,3 = n + log L2,3 (Tn) . (B3)
Similarly, we have
ER(B2; B3)TrB1 [Ψ˜] = log K2,3 (Tn) . (B4)
By using Eqs. (B2), (B3), and (B4), Eq. (B1) becomes
2δn log dA′2A′3 +
δn(2 log dC2C3 − 2 log δn + 4)
n
+
d2,3(φ⊗n,Tn)
n
≥ 1.
As n→ ∞, this inequality becomes 0 = e2,3(φ, {Tn}) ≥ 1, which is a contradiction.
Therefore, there is no LOCC protocol transforming two GHZ states shared by Alice, Bob, and Charlie to three ebits symmet-
rically shared among them, even under the catalytic use of entanglement resource.
